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Dynamical A and B maps have been employed extensively by Sudarshan and co-workers to inves- 
tigate open system evolution of quantum systems. A canonical structure of the A-map is introduced 
here. It is shown that this canonical A-map enables us to investigate if the dynamics is completely 
positive (CP) or non-completely positive (NCP) in an elegant way and hence, it subsumes the basic 
results on open system dynamics. Identifying memory effects in open system evolution is gaining 
increasing importance recently and here, a criterion of non-Markovianity, based on the relative en- 
tropy of the dynamical state is proposed. The relative entropy difference of the dynamical system 
serves as a complementary characterization - though not related directly - to the fidelity difference 
criterion proposed recently. Three typical examples of open system evolution of a qubit, prepared 
initially in a correlated state with another qubit (environment), and evolving jointly under a specific 
unitary dynamics - which corresponds to a NCP dynamical map - are investigated by employing 
both the relative entropy difference and fidelity difference tests of non-Markovianity. The two qubit 
initial states are chosen to be (i) a pure entangled state, (ii) the Werner state, which exemplifies both 
entangled and separable states of qubits, depending on a real parameter, and (3) a separable mixed 
state. Both the relative entropy and fidelity criteria offer a nice display of how non-Markovianity 
manifests in all the three examples. 

PACS numbers: 03.65.Yz, 03.65.Ta, 42.50.Lc 



I. INTRODUCTION 

It is well-known [l[ that when a quantum system - 
chosen initially to be in a tensor product state with its 
environmental degrees of freddom - undergoes dynami- 
cal evolution, the final state of the system is related to 
the initial one via a completely positive (CP) dynamical 
map. Kraus decomposition [2| of dynamics is guaran- 
teed only when the map is completely positive. After 
its conceptual formulation 13, 14 nearly five decades ago, 
Sudarshan and coworkers [5H8| have been investigating 
the quantum theory of open system evolution in terms of 
dynamical maps in the more general setting - including 
not completely positive (NCP) maps. There has been 
growing interest P4l3| in identifying the physical con- 
ditions under which open evolution of a quantum sys- 
tem does not ensure a CP dynamical map. Jordan et. 
al. Q studied an open system unitary evolution, where 
the system and the environment may be in an initially 
entangled state and showed that the resulting dynam- 
ical map is not always completely positive. Rodriguez 
and Sudarshan [?J analyzed the general characteristics 
of dynamical maps in open quantum system evolutions, 
taking into account initial correlations of system with 
environment. Extending the result of Ref. p], Shabani 
and Lidar [l3[ showed recently that CP maps are guar- 
anteed for quantum dynamical processes, if and only if 
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the initial system-environment state belongs to a class 
of separable states with vanishing quantum discord [idj . 
All these investigations point towards the important role 
of the initial state in open system evolution and more 
recently, Modi and Sudarshan Q outlined the effects of 
preparation of initial state in quantum process tomogra- 
phy 

The Markov approximation, where the correlation time 
between the system and environment is considered to be 
infinitesimally small - so that the dynamical map does 
not carry any memory effects - leads to a much simpli- 
fied picture of open system dynamics. The mathematical 
theory of Markovian dynamics is built around a CP map 

- originating from the unitary evolution of an initially 
uncorrelated system-environment state and generating a 
dynamical semigroup (to take into account the memo- 
ry lessness). This results in the Markovian dynamical 
equation - known as the Lindblad-Gorini-Kossakowski- 
Sudarshan (LGKS) [HI, [r| master equation - for the 
time evolution of the system density matrix. However, 
memory effects are prevalent in many physical situations 
of interest. Formulation of CP non-Markovian processes 

- where the dynamical evolution depends on the history 
of the system-environment correlation - has attracted 
significant attention Various manifestations 
of non-Markovianity have been investigated recently [20l — 
[23j , based on the departure from strict Markovian behav- 
ior (where the dynamical map is a one-parameter contin- 
uous, memoryless, completely positive semigroup). How- 
ever, revelation of non-Markovian features under NCP 
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maps has not been studied so far. In the present pa- 
per, we focus on two basic issues: (1) A canonical struc- 
ture of the dynamical map to ellucidate CP or NCP na- 
ture of dynamics and (2) operational signatures of non- 
Markovianity. We consider a particular unitary time evo- 
lution - which has been shown Q to correspond to a 
NCP map - and examine the non-Markovianity of the 
open system dynamics of single qubit systems, resulting 
from the joint evolution of different types of initially cor- 
related two qubit states. We propose a criterion, based 
on the relative entropy of the quantum states to verify 
Mar kovianity /non-Markovianity of the dynamical pro- 
cess. We compare the results with the fidelity differ- 
ence [23| test of non-Markovianity proposed recently by 
some of us [23| . 

We first review the properties of A and B maps 0, Q , 
introduced in the general theory of open system dynamics 
in Sec. II. Here, we present a new canonical structure of 
the A map, which reveals its equivalence with that of the 
B map. We employ this canonical map to establish CP 
or NCP nature of the dynamics. In Sec. Ill we explore a 
specific example of open system unitary evolution [5] of a 
single qubit (system) , which is initially prepared in a cor- 
related state with another qubit (environment), leading 
to a NCP dynamical map. This map serves as a tem- 
plate for studying the different examples of intially cor- 
related two qubit states considered here. We construct 
a characterization of non-Markovianity in Sec. IV, based 
on relative entropy of the evolving quantum states. We 
also discuss the fidelity difference criterion [23| of non- 
Markovianity proposed earlier so as to be self-contained 
and mutually concordant. We then proceed to illustrate 
non-Markoivan behaviour of the NCP dynamical map of 
Sec. Ill, with the help of three different choices of density 
matrices prepared initially in entangled pure, mixed, and 
separable states of the two qubits. By employing the rel- 
ative entropy criterion, as well as the fidelity difference 
test, we show that the dynamics in all the three different 
cases exhibits non-Markovianity. Sec. IV is devoted to a 
brief summary of our results. 



II. REVIEW ON THE GENERAL PROPERTIES 
OF A, B DYNAMICAL MAPS AND THEIR 
EQUIVALENCE 



the elements of A are realized 0, E| : 
A , , -A* 

si-s'r ';sr — -^r's'^r 
^ A r ' T '^ rs — 3r,s- 



(2) 
(3) 



In order to bring out the properties |J2]), Q in a trans- 
parent manner, it has been found convenient to define a 
realigned matrix B [H, @ : 

B r / r - s ' s — A T i s i :rs . (4) 

The hermiticity property @ leads to the condition 
B s ' S : r i r = B*, r . s , s , i.e., the dynamical map B itself is her- 
mitian - which is exploited further to identify the general 
features of dynamics [1, [f| . Here, we present an alter- 
nate version by casting the A-map in its canonical form, 
which is shown to capture all the dynamical features in 
an unique way. To accomplish this, we start by consid- 
ering an orthonormal set {T a , a = 1,2,..., n 2 } of n x n 
basis matrices , satisfying 

Tr[T* Tf,]=5 a , p , (5) 

so that we can express the n 2 x n 2 matrix A as, 

(6) 



a/3 

A a p = Tv[A{Tl®Tj)). 
Clearly, we have, 

n 2 



(7) 



(8) 



The hermiticity preservation condition @ implies that 

A a p = A* Pa (9) 

i.e., the coefficients A a p form a n 2 x n 2 hermitian matrix 
A. Denoting U as the matrix diagonalizing A and {A M }, 
the real eigenvalues of A, so that J2 a A a pU^ — 
A^, we finally obtain the canonical structure of the A- 
map: 

a= ]T \^ p u; a T a ®T; 



(10) 



A general open system dynamics relates the elements 
[p(0)] rs of the initial system density matrix with [p(t)] r , s , 
at instant t via a linear map 0, Q , 



M*)U< = E A r>s';rs(t) [p(0)] rs , r', s' = 1, 2, . . . , n. 

r.s—1 

(i) 

Imposing that the A map ensures (i) the preservation of 
hermiticity i.e., [p{t)] r , s , — [p(t)]* s , r ,, and (ii) unit trace 
condition i.e., Tr[p(i)] = 1, the following restrictions on 



where C M = ^ Q U* a T a . With the help of the canonical 
form, the matrix elements of A are explicitly given by, 



Ar's'\rs ^ y A^ [^J* 



(11) 



Substituting in (fTJ) and simplifying, we obtain the 
following elegant form for the action of the ^4-map on the 
initial density matrix p(0): 



P (i) = ^A M C M p(0)Ct. 



(12) 
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The trace preservation condition © can be readily ex- 
pressed as Xfj, C^Cfj, = I (where I denotes the n x n 
identity matrix). The dynamical map is CP, when all the 
eigenvalues A p are non-negative, whereas it is NCP if at 
least one of them is negative |24j . 

From (j4]) and (|TT1) we obtain, B r > r ^ s i s — 
5Z M A M [C M ] r ' r [C*] s ' s , which evidently corresponds 
to the spectral decomposition of the B matrix. In 
other words, the eigenvalues of the matrix A and B are 
identically same and [C^v (expressed as n 2 component 
column) correspond to the corresponding eigenvectors 
of B. In this paper we employ the canonical form of 
the yl-map to elucidate the CP or NCP nature of the 
evolution. 



III. AN EXAMPLE OF TWO QUBIT UNITARY 
DYNAMICS 



Jordan et. al. 5] studied a specific example of unitary 
dynamical evolution on two qubit states U(t) — e ~ lHt / h ^ 
governed by the Hamiltonian 



(13) 



where a\ j, a-i j i = x, y, z respectively denote Pauli matri- 
ces of first and second qubits. The unitary tranformation 
matrix on the qubits is given explicitly (in the standard 
qubit basis |0,0),|0,l),|l,0),|l,l))by, 



U(t) 



( «>s(f) 

-isin(¥) 


V o 



-i sin ( 



k 2 l 

cos(^) 





cos { 
i sin I 



2 I 
u t i 



i sin 



(14) 

The positive definiteness of the dynamical state of the 
system qubit - evolving jointly with another environment 
qubit under the unitary time evolution (|14l) - is neces- 
sarily preserved. 

Time evolution of the expectation values of the Pauli 
operators of the first qubit - evaluated in the Heisenberg 
picture - are given by, 



(U\t)a lx U(t)) 
(U\t)a ly U(t)) 
(U\t)a u U{t)) 



{(Ti x ) cos(wi) - {a ly a 2x ) sm(tot) 



(a\ x ) cos(w i) + ai sin(w£) (15) 
(<7i y ) cos(cji) + (ai x a 2x ) sin(wt) 
(ai v ) cos(w t) + a 2 sin(w t) (16) 

i<ru), (17) 

where {cr\ x ), {&i y ), (ciz) are the expectation values at 
t = and 



ai 



\(Tly(T 2 x), a 2 = {<Jlx&2z 



(18) 



are considered to be the fixed initial state parameters de- 
scribing the evolution of the first qubit [5j . Correspond- 
ingly, the density matrix of the first qubit 

Pi(°) = tK-^i + °ix fax) + criy (aiy) + a lz {a lz )) (19) 



is mapped to 
1 



0,2 ciy) sin{ujt) 

+<Tly {(T\y) COS(wt) + (T lz {<J1 Z )] ■ 

Eq. d^nj) in turn corresponds to @, 

l[ = h + (ai (Tlx + a 2 <T 2 x) sin(u; t) 

a lx = °lx COs(wt), 



(Tlx {(Tlx) COS(W^) 

(20) 



'iy 



<Tly COS(wt), 



a' u = ax.. (21) 

For fixed parameters a±, a 2 characterizing the initial 
state, a linear dynamical A-map Q — > Q' for all 2 x 2 
hermitian matrices - consistent with the unitary evolu- 
tion (HU), is defined by (see Eq. (fl])), 



^ y Ars:r' . 



where 



/ 1 



Ir's' i r, S,T , S 



\ 



0,1, 



V 



±S*a* C ±Sa 
\Sa C \Sa 







1 



(22) 



(23) 



with a = ai + i a 2 ; C = cos(aji), S = sin(wi) 

Choosing {^f^^,^^}a S the orthonor 

mal set of basis matrices, we expand the A matrix 
as (see Eq.©), 

- ^ , A a p (T a < 



A 



2^' 

a/3 



A a p = -Tr[A{a a ^a* )}. 

with the hermitian coefficient matrix A given by, 

A = -Tr[A{t)a a <g> a}} 

/2(1 + C) ai S a 2 S 

_ 1 a\ S ia 2 S 

~ 2 a 2 S -ia x S 

\ -ia 2 S i ai S 2(1 - C) 

The eigenvalues of A are given by (25j . 
A 1± = ~ I [1 + cosM)] ± ^ 



(24) 
(25) 



.(26) 



\2± 



ill. 



cos(wt)] 2 + |a| 2 sin 2 (wt) 
cos(a;f)] ± \J[l - cos(wt)] 2 + |a| 2 sin 2 (wt) 



(27) 



It may be seen that Ai_, A2- assume negative values and 
thus, the dynamical map is NCP[j|(see however (26|). 
Nevertheless, as pointed out earlier, the positive defi- 
niteness of the dynamical single qubit state, evolving 
jointly under the unitary dynamics (|14p with another 
qubit (which are prepared in an intially correlated state) 
is always ensured. The A-map (|2"3"]l serves as a general 
dynamical map for the different examples considered in 
Sec. V. 
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IV. NON-MARKOVIAN FEATURES 

We recall here that an open system CP dynamical map 
is Markovian if it forms a one parameter semigroup 
which corresponds to 



A(t + t) = A(f)A(r), t,T>0 



(28) 



for the ^4-map (JTJ) . In other words, when the underlying 
CP dynamics is Markovian, the A-m&p has an exponen- 
tial structure A = e* L , L denoting the time-independent 
generator of the quantum dynamical semigroup [l5l [l6| . 
One may verify directly whether the one-parameter semi- 
group criterion Eq. ((28)) is obeyed by checking if the A- 
map is exponential. However, it is advantageous to ex- 
amine physical quantities, which are functions of the dy- 
namical map, that describe the open system evolution of 
the physical states. In the following we consider relative 
entropy difference and fidelity difference to qualitatively 
capture the departure from the CP Markovian semigroup 
property of evolution. 

We consider here the relative entropy [27| of two den- 
sity matrices p and 7, defined by: 



S{p\\l) = Tr[p(lnp- 07)] 



(29) 



which is positive and vanishes if and only if p = 7. Un- 
der CP, trace preserving dynamical maps <!>, the relative 
entropy obeys monotonicity property [28fl i.e., 



Thus, it follows that 



(30) 



S[p(t)\\p(t + T)} = S[A(t)p(0)\\A(t)p(T)] 

< S[p(0)\\p(r)} (31) 

under a trace preserving CP map A : p(0) — > p(t) = 
A(t)p(0), obeying the Markovian semigroup property 
(|28[) . In other words, the relative entropy difference de- 
fined as, 



S(t,r)=S[p(0)\\p(r)]-S[p(t)\\p(t + T)] 



(32) 



is necessarily positive for all quantum states p(t) evolving 
under CP Markovian dynamics. The inequality pip need 
not be satisfied by both NCP processes as well as by a CP 
evolution, which departs from the semi-group property 
Thus, violation of the inequality (|3ip i.e., 



S(t,r) < 



(33) 



signifies a non-Markovian dynamical process (both CP 
as well as NCP). 

We also recall here that the fidelity function [29[ de- 
fined by, 



F[p(t),p(t + r)] 



Tr 



never decreases from its initial value F[p(0),p(r)] [23| 
for the state pit) undergoing a Markovian CP dynamical 
process. A sufficient criterion for non-Markovianit y is 
therefore registered - if the fidelity difference function [23j 



G(t,r) 



F[ P (t),p(t + T)}-F[p(0),p(r)} 
F[p(0),p(r)} 



(35) 



(34) 



assumes negative values under open system dynamics. 

The relative entropy and fidelity exhibit contrasting 
physical implications: The relative entropy >!5[p(i)||p(t + 
r)] measures the instantaneous distinguishability of the 
dynamical state p(t + t) with its earlier time density 
matrix p(t) and it declines - when the system under- 
goes a CP Markovian process - from its initial value 
5[p(0)|| / o(r)] to its minimum value asymptotically i.e., 
limt-^oo S(p(t)\\p(t + t)) = 0. On the other hand, the 
fidelity F[p(t),p(t + t)] signifies the overlap of the dy- 
namical states p(t + t), p(t); under any CP Markovian 
dynamics, it increases monotonically from its intial value 
F[p(0), p(r)] to its maximum value lim^oo F[p(t), pit + 
r)] = 1. 

The negative values of relative entropy difference (|3"2")l 
and the fidelity difference (1331) point out that the time 
evolution is not a CP Markovian process - though their 
positive values do not necessarily suggest that the dy- 
namics is Markovian. In other words, the negative values 
of relative entropy and fidelity differences serve as suffi- 
cient - but not necessary - tests of non-Markovianity 
(CP as well as NCP). Further, it is not possible to draw 
any clear-cut inference towards whether the open-system 
dynamics is NCP or not - based entirely on the nega- 
tive values of the quantities (|3"2l . (1331) . However, these 
signatures of non-Markovianity, in terms of relative en- 
tropy/fidelity, offer an operational advantage that they 
require only the specification of the initial density ma- 
trix p(0), and the dynamically evolved one pit) for their 
evaluation - without any apriori knowledge on the na- 
ture of the environment and/or the coupling between the 
system-environment . 



V. ILLUSTRATIVE EXAMPLES 

We now proceed to investigate three different examples 
of two qubit initial states, jointly undergoing the unitary 
transformation (fT4"| so that the time evolution of the first 
qubit (system) is represented by the dynamical map 

pi(0) -> pi(t) = A Pl {0) = Tr 2 [U(t)p 12 {0)U{tf] . (36) 

The examples are indeed expected to reveal non- 
Markovian features as the environment consists of just a 
single qubit, with no additional assumptions on the weak 
coupling limit [l[ invoked (so as to lead to CP Markovian 
dynamics, when initially uncorrelated states are consid- 
ered [26j). Further, as the dynamical evolution of the 
system qubit being governed by the NCP dynamical map 
(|23| . non-Markovianity is bound to emerge. Here, we fo- 
cus on the non-Markovian features by verifying that the 
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relative entropy difference (|32p and the fidelity difference with the corresponding intial density matrix of the sys- 
(I35p assume negative values under this open system NCP tern qubit given by, 



dynamics. 



A. Example 1: Pure entangled two qubit state 

We first consider a two qubit pure entangled state 



|tf bp) = -±= (e-*|0i, 1 2 > + e'^lli, 2 ) + 1 2 )) , 



u ^ 1 ( 1 ^ 



(38) 



in the standard basis {|0), |1)}. 

Under the unitary transformation (|14|) we explicitly 
obtain the dynamical state of the system qubit as, 



Pi(t) = Tr 2 [U{t)\y E p)(y EP \U\t)} 



1 



1 



C e-** - iS e'W 



.(39) 



3 V C e # + iS e 2i * 2 
This may also be identified to be the result of the action 



(37) of the open system dynamical A- map (j2"3")l : 
I 





/ 1 


i<f> 




( 


1 















( 1 


\ 


1 


C e-** - iS e~ 2 


l 




\Sa* 


C 





h Sa * 






3 






~ 3 




\Sa 





c 


\Sa 






e i<t> 






V 2 


J 




{ 











1 


J 




{ 2 


/ 



(40) 



with the initial state parameters (see (|18|l) 

2 

ai = -(^epIctij/^I^bp) = --sin(20), 



a 2 = (^ep\<Jix<J2x\^ ep) = -cos(20), (41) as, 



I 

governing the open system dynamics. 

We obtain, after simplification, the relative entropy 
S[pi(t)\\pi(t + T)] of the dynamical state (l39|) of the qubit 



% 1 (i)||pi(t + r)]=A(+)(t) In 
where we have denoted, 



A(+)(t) 



[A(+)(t + T)] ff W [A(-)(t + T)]"W 



A^)(i) In 



A(")(t) 



[A(+)(t + r)]^(*)[A(-)(t + r)]' 5 (*) 



A(±)(t) = 3 - , = ^5-4 sin(2w t) sin < 



G 



5(t) 



1 



{[«(*)«;(* + r) + 1] + 4{cos(wt) - sin[cj (2t + r)] sin</>}} . 



2 «;(*)«(* + r) 

K*) - 2K ft) «(t + r) + + T) " 1] - 4 { cos ( wr ) " sin ^ ( 2 * + r )l sin ^> ' 



(42) 



(43) 



I 

In order to compute the fidelity F[pi(t), p\(t + r)], we states [29| : 
make use of its simplified form in the case of single qubit 

F{p 1 (t),p 1 (t + T )}=Tr{p 1 (t)p 1 (t + T) } 

+2 y/det p!(t) det Pl (t + t). (44) 

We obtain the fidelity F[pi(t), pi(t + r)] of the dynamical 
state ([33 as, 



"[pi(t),pi(t + r)] = - 1 5 + 2cos(wr) - 2sin[w(2t + r)] sin cj) + 2y/[l + sin(2w<) sin 4>){l + sin[2w(< + rj] sin^)} 



(45) 
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The relative entropy difference S(t, r) and the fidelity 
difference G(t,r) (see (j3"5")) ) for the dynamical state (j3"9")) 
are plotted as a function of tot and 4> in Fig. 1 - where 
the negative regions of both S(t,r), G(t,r) display non- 
Markovianity of the dynamical process. 



B. Example 2: Two qubit Werner state 

We consider Werner state of two qubits as the initial 
system-environment state 



p w (t = 0) = -h ® h + (1 - x) 1 (46) 



where |*_) = ^ (|0 X , 1 2 ) - jlx, 2 |» . The ini- 
tial state of the system qubit is given by 
PwM = Tk a |>wr(0)] = 

Under open system dynamics (|14l) we obtain the dy- 
namical state of the system qubit as, 

Pwi {t) = Ti 2 [U(t)p w {Q)U\t)] (47) 

If 1 -i{l-x) sin(w<) 

2 I i (1 — x) sin(cji) 1 

(which may also be directly obtained by employing the 
A-map (g31) as, [pwi(t)] r , s , = Y, r , s A r , s ,, rs (t) [pwi(0)] rs 
with ai = -Tr[p w (0) aiya 2x ] = 0,a 2 = 
Tr[p w (0) o lx a 2x \ = (1 - x)). 

The relative entropy S[pwi(t)\\pwi(t + T )] of the sys- 
tem qubit (|17|) is identified to be, 



S[pwi{t)\\pwi(t + t)] =P+(t) In 

P-(t) 



P+(t) 
P+(t + r) 



-P-(t) In 



p-(t + r) 



(48) 



where 



p±(t) = -[l±(l-x) sin(wt)]. 



(49) 



Further, the fidelity F[pwi(i), pwi(t + T )] is obtained as, 
fki (*) , Pwi (t + t)} = p+ (t) p+ (t + t) + p_ (*) p_ (t + t) 
+2 Vp+Wp-Wp+^ + t^^ + t) (50) 

We have plotted, in Fig. 2, the relative entropy dif- 
ference S(t, t) and the fidelity difference G(t, r) for this 
dynamical example. Here too, the non-Markovianity of 
the dynamics is clearly depicted by the negative values 
of S(t,r) and G(t,T). 



C. Example 3: Mixed separable state of two qubits 



Now we consider a separable mixed state of two qubits, 

p s (t = 0) = - (I <g) I + s x <r lx + s y ai y + s z a lz + dai y a 2x ) ■ 

The initial state of the first qubit (system) is obtained to 
be, 



psi(0) =Tr 2 [p s (0)] 

If 1 + S, S a 



1 



(52) 



Open system dynamics of the system qubit (corre- 
sponding to the joint unitary evolution ([Fl]) leads to the 
dynamical state psi{t) as, 

Psi(t) = Tr 2 [U(t)pstf(t)] (53) 

if l + s z s(t) 
2 \ s*(t) l-s 2 

where we have denoted 

sit) = (s x — iSy) cos(wi) — d sin(u;t). (54) 

Note that in this example, we have the intial dynam- 
ical parameters a\ = — Tr[ps(0) o\yo 2x \ = —d,a 2 — 
Tv[ps{0) <J\ x u 2x \ = and the dynamical state of the sys- 
tem (|53p is equivalently obtained by transforming the 
initial density matrix (expressed as a column) through 
the A matrix ((23)) . 

We evaluate the relative entropy S[psi(t)\\psi(t + r)] 
of the state (1531) to obtain, 



S[psi(t)\\PSl(t + T)}=rt+\t) In 



n(+)(t) 



[fi(+)(i + r)]M(t) [n(-)(i + T)]"W 



Q^lt) In 



n(-)(t) 



[n(+)(* + T)}im[n(-)(t + T)}^ t ) 



(55) 



FIG. 1. (Color online). The relative entropy difference S(t, r) and the fidelity difference G(t, r) corresponding to the dynamical 
state l)39p. as a function of tot and (/>; ujt — n. Negative regions of S(t,r), G(t,r) point towards non-Markovian behavior. All 
quantities are dimensionless. 



where 



n (±) (t) = ^[1±C(*)], C(*) = V^T+XW. = [^cos^)- rising)] 2 + 4 cos 2 (wi) 



Tj(t) = 



1 



x(*M* + r) 



4C(t)C(* + r) UCW-s,][C(t + T)-s^ 

1 fxW[C(t + r)-sJ , x(* + r)[C(*)-« 



+ [CW-s,][C(i + r)-s z ]+2^(t) 



4C(t)C(t + r) 



C(* + t) - s 2 



-2K{t) 



TZ(t) = (s 2 + Sy) cos(cj i) cos[w (f + r)] + d 2 sin(cj t) sin[o; (t + r)] — d s x sin[o; (2< + t)] . 
The fidelity i r [psi(t),psi(* + T )] associated with the dynamical state (j5"3"j) is found to be, 



(56) 



F[ Psi (t), psi(t + r)] = -[l + si + ^[l-C 2 (t)][l-e(t + r)} + K{t) 



r 



(57) 



where £(i), lZ(t) are defined in ([56 



In Fig. 3, we depict the relative entropy difference S(t, r) 
and the fidelity difference G(t,r) of the state (I551) . The 
negative values of S(t,r) and G(t,r) demonstrate the 
non-Markovianity of the dynamical process in this ex- 
ample too. 

We emphasize here that the negative values of the rel- 
ative entropy difference and fidelity difference serve as 
qualitative reflections of deviation from a CP Markovian 
behavior - with no specific importance attached to the 
degree of negativity. Further, the positive regions in the 
figures, do not indicate that the process is being Marko- 
vian in these regions - because our criteria offer only 
sufficient (not necessary) tests of non-Markovianity. It is 
also worth pointing out here that had we considered ini- 
tially uncorrelated (or zero discord) states, a CP dynami- 



cal map associated with the same unitary dynamics (|14l) , 
would also be expected to exhibit non-Markovianity [26j . 
In other words, it is not evident if the departure from 
Markovianity is entirely from the NCP nature (result- 
ing due to intially correlated states) or from the built-in 
non-Markovianity associated with the dynamics. It re- 
mains an open question to recognize distinct signatures 
of NCP non-Markovianity emerging exclusively due to 
initial system-environment correlations. 



VI. SUMMARY 

While open system evolution was formulated nearly 
five decades ago - with the introduction of dynamical A 
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FIG. 2. (Color online). The relative entropy difference S(t,r) 
and the fidelity difference G(t, r) of the dynamical state (|47|l . 
as a function of (dimensionless) time ut and x; here, we have 
chosen lot = n. The functions S(t,r), G(t,r) are negative in 
almost the entire region (except for x = 1), reflecting the non- 
Markovianity of the underlying NCP dynamics. All quantities 
are dimensionless. 



and B maps - by Sudarshan et. al [3|, |4|, several interest- 
ing questions on the nature of dynamical maps are being 
raised recently (sHIH- It has been recognized that NCP 
dynamical maps make their presence felt in the reduced 
dynamics obtained from the joint unitary evolution, if 
the system and environment are in an initially correlated 
state 5-8]. Conceptual understanding of positive - but 
NCP dynamical maps - has thus been attracting increas- 
ing attention. In this paper, we have developed a canoni- 
cal structure for the A-map, and shown that this canoni- 
cal ^4-map offers an elegant approach to investigate if the 
dynamics is CP/NCP. Manifestations of memory effects 
in CP open system quantum evolution has been inves- 
tigated in a previous work by some of us [23] and here, 
we have focused on exploring departure of CP Marko- 
vianity in a specifically chosen NCP dynamics [5j with 
initially correlated system-environment states. We have 
proposed a test to verify deviations from CP Markovian- 
ity, based on the relative entropy of the dynamical state 
of the system - which together with an analogous char- 
acterization [2^ | . in terms of the fidelity - is employed 
here to study prevalent memory effects in the NCP evo- 
lution. We have examined three different examples with 
diverse kinds of initial correlations - such as two qubits in 
(i) a pure entangled state, (ii) Werner state ( mixed two 
qubit state which encompasses both entangled and sepa- 
rable states depending on a single real parameter x) and 
(iii) a separable state. All the three dynamical examples 
considered here display non-Markovianity. However, it 
is not evident if the reflections of non-Markovianity are 
essentially arising due to NCP nature of the process (ini- 
tially correlated states of qubits). This leaves open an 
important question: Are there any distinct signatures of 
non-Markovianity emerging entirely because of the NCP 
nature of the dynamical process? 
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